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Abstract. This paper deals with the propagation of the gravitational waves in the Poincare patch 
of the 5-dimensional Anti-de Sitter universe. We construct a large family of unitary dynamics with 
respect to some high order energies that are conserved and positive. These dynamics are associated 
I with asymptotic conditions on the conformal time-like boundary of the universe. This result does 

not contradict the statement of Breitenlohner-Freedman that the hamiltonian is essentially self- 
' adjoint in and thus accordingly the dynamics is uniquely determined. The key point is the 

04 _ introduction of a new Hilbert functional framework that contains the massless graviton which is 

}_( ■ not normalizable in L^. Then the hamiltonian is not essentially self-adjoint in this new space and 

possesses a lot of different positive self-adjoint extensions. 



I. Introduction 



r~| [ The 5-dimensional Anti-de Sitter space-time AdS^ plays a fundamental role in string cosmology 
Q-f (see e.g. [B], P^). An important geometrical framework is the Poincare patch V of AdS^, defined 

-S: 1 

a'- V ■.= RtX IKxX]0, ooU, g^iydx'^dx" = — (dt^ - dx^ - dz^^ . 

I ^ r P is a lorentzian manifold and the crucial point is that it is not globally hyperbolic : the conformal 
boundary Mt x Mx x {z = 0} is time-like and the question arises to determine the possible boundary 
] conditions on this horizon, satisfied by the gravitational waves propagating in the bulk V. These 
QQ ■ fields obey the DAlembert equation 

2: (I.l) UgU = Q, UgU:=\g\-"2 d^{\g\^ gf^'d^u) 

_3 

. If we put $ =: z 2 u the equation (jl.ip in V takes the very simple form of the free wave equation on 
y—^ ' the l-|-4-dimensional half Minkowski space-time Mt x ]R^x]0, 00(2, pertubed by a singular cartesian 
^ ■ potential j^: 

> ■ (1.2) {d^^ - Ax - dl + $ = 0, m Mt X x]0, oo[,. 

In this work, we adress two questions : 

(i) Since V is not globally hyperbolic, the dynamics is not a priori well defined without some 
boundary condition imposed on the time-like horizon {z = 0}. The usual opinion is that such a 
supplement constraint is not necessary because the Breitenlohner-Freedman condition is satisfied 
for the gravitational waves ([5j, [8j and Appendix of ^), and so the hamiltonian —Ax — d1 + is 
essentially self-adjoint on Co°(MxX]0, oo[2) in the Hilbert space H choosen to be L^(MxX]0, oo[2). 
As a consequence there exists a unique dynamics in the functional framework of the fields with 
finite energy ([S], [3]): 

/■ 1'°° 15 
(1.3) E($) := / / \Vt x,2^(t, X, z) |2 +— I $(t, X, z) \^ dxdz < 00. 

Jr3 Jo ' 

In fact this constraint implies an implicit Dirichlet condition on the boundary of the universe, 
$(t,x, 0) = 0, and these gravitational waves are called Friedrichs solutions. Nevertheless this result 
of uniqueness is not the end of the story because it depends deeply on the choice of the Hilbert space 
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% (or the choice of the energy E($)). In this paper we show that we can perform a rich variety 
of different unitary dynamics for the gravitational waves by changing the choice of the conserved 
energy. We construct a Hilbert space H. such that —Ax — d1 + is not essentially self-adjoint 
on Co°(Rx x]0, oo[^) and admits many self-adjoint extensions associated with different boundary 
conditions at z = of asymptotic type. 

(ii) Another belief is that this cosmological model with a time-like horizon is not physically real- 
istic since the massless graviton <1>g(^5 x, z) := z~ 2 (/>(t, x) where (j) — A-x^cf) = 0, is not normalizable 
(in the sense of the norm). In this paper we prove there exists an infinity of pairwise different 
unitary dynamics for which this graviton is normalizable (in the sense of the new Hilbert space). 
Moreover these dynamics are not trivial, i.e any field localized far from z = at time t = 0, inter- 
acts with the massless graviton : when the field hits the boundary z = 0, a part of the scattered 
field is given by the graviton. Furthermore, many of these dynamics are stable in the sense that 
there is no growing mode and the conserved energy is positive. 

Now we describe the very simple idea of the construction of these new dynamics. We can see 
that $ is solution of (jL2]) iff *(i,x, Z) :=| Z |~t ^{t,x, | ^ |) is solution of 

(1.4) -A^-Az)^ = 0, in RtxKx {^z \ {Z = 0}) , 

and we have proved in [4J that <I> satisfies p.3p iff ^ is solution of the free wave equation in the whole 
Minkowski space-time Rt x ^. As a consequence, to obtain new dynamics for ()I.2p . it is sufficient 
to construct solutions of (|I.4p that are not free waves in Mf x MxZ- Therefore we look for some 
self- adjoint extensions of the Laplace operator Ax + Az defined on Cg° (Mx x (M^ \ {Z = 0})). 
Since this operator is essentially self-adjoint in L^(M^), we must consider another Hilbert space and 
try to give a sense to a perturbation localized on Mx x {Z = 0}. It turns out that there has been 
recent progress on this question, in particular P. Kurasov in 2009 has studied the super-singular 
perturbations of the Laplacien Taking advantage of these novel advances in spectral analysis, 
we construct some new dynamics for (jL2|) by considering the formal equation 

(1.5) (cli - Ax - Az + c5q{Z)^ ^ = Q, in X X M|. 

^ 3 

If <I> is the sum of a field <I>o satisfying (II. 3|) . and of a graviton-like singular field z~^(j){t,ii), then 
^'(t,x, Z) =1 Z |~2 $o(i;X, I Z I) + (f){t,'K) I Z and the meaning of the super singular perturba- 
tion c5q{Z) is 

c6o{Z)^ := -47r30(t,x)5o(^). 
A partial Fourier transform with respect to x allows to reduce the study of (jl.SP to the investigation 
of the super-singular perturbations of the Klein-Gordon equation 

(df - Az + m'^ + c5o(^)) M = 0, m Mt X M|, 

that we perform in the next section. 

Finally we summarize our main result. We look for the gravitational waves solutions of (|I.2p that 
have an expansion of the following form 

^>(t,x,2;) = ^>^(t,x,z)zt +0_i(t,x)x(z)zt +0o(t,x)x(z)z^log2; + (/)i(t,x)x(z)2i +02(t,x)2;-t 

3 

where x ^ C'o°(I^)) x{z) = 1 in a neighborhood of and ^ri^^ x, 0) = 0. The term 02 (i, x)2:~ 2 is the 
part of the wave in the sector of the massless graviton. The behaviour of the field on the boundary 
of the universe is assumed to be for some (ao,ai,Q!2) G : 

(1.6) (/>_i(t,x) +ao0o(i,x) +ai(/>i(t,x) +a202(i,x) = 0, t G M, x E Ml 
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For a large family of aj, we are able to construct a Hilbert functional framework for which the 
Cauchy problem associated with (jl.2|l is well-posed. At each time, the boundary constraint (jl.6|) is 
satisfied and the graviton part (/>2 is non zero even if the initial data are compactly supported far 
from the boundary of the universe : hence these waves are not Priedrichs solutions. Moreover there 
exists a conserved energy. This complicated energy involves the derivatives of third order of the 
fields. An interesting fact is that this energy is positive for a continuous set of aj, more precisely 
when 

13, 1 , 11, 

a2 = 0, < ai, -- - -log2 < ao + -logtti < - - -log2 - 7 

where 7 is the Euler's constant. In this important case, the massless graviton $G(i,x,z) := 

3 . 

z~2(j)(^t,x) satisfies the constraint (11.61) since 02 = 0, and its energy is just the usual energy 



E($g) = c/ |Vt,x0(t,x)|2dx. 

Jm 



Furthermore, the positivity of the conserved energy assures that there is no growing mode : we can 
consider that these new possible dynamics of the gravitational fluctuations are stable. 



II. Super-singular perturbation of the wave equation on 



We want to investigate the wave equation on the Minkowski space-time x with a supersin- 
gular perturbation localized at Z = 0. More precisely, given m > 0, we shall consider the abstract 
Klein-Gordon equation 

(11.1) dfu + Au + m'^u = 0, 

where A is a densely defined selfadjoint operator on a Hilbert space Hq of distributions on M^, such 
that 

(m^ \ {0}) C Dom{A), V(/? G (m^ \ {0}) , Aip = -A99. 

In fact, we choose a very simple point-like interaction at the origin, so for all u G Dom[A) , An has 
the form 

(11.2) An = -An + L{u)5q 

where L is a continuous linear form on Hq, equal to zero on Cq° (M^ \ {0}). This constraint yields a 
character very singular to the perturbation and the Cauchy problem cannot be solved as usual in a 
scale of Sobolev spaces : if n G n|^oC^ (m*; H'-^im.^)^ is solution of (ULTI) and (flL2l) with L(n) / 0, 

then s < — 1 since 5q G H^{E.^) iff it < —3. Hence a contradiction appears since C(j"(R^ \ {0}) 
is dense in H'^iM^), s < 3, and as a consequence L{u) = 0. Therefore we have to introduce some 
functional spaces, in which Co°(M^ \ {0}) is not dense. We want also to recover the static solutions 

Ustat{t, Z) =1 Z for m = 0, and Ustatit, Z) = ^2\z\^^^^ when m > where K2 is the classical 
modified Bessel function (to see below), that are solution of (jll.ip and ()II.2p with L[ustat) = — 47r^. 
On the other hand we know (see Lemma lll.2p that 

All theses properties suggest to consider Hilbert spaces of distributions, spanned by | Z |~^, | Z |^^, 
log I Z I and some usual Sobolev spaces. More precisely we take x ^ C'o°(R^) satisfying for some 
p > 0, x{Z) = 1 when | Z \ < p. We introduce the spaces 

(11.3) Uu:={u = Vr + vi^^ + V2Y^, VreH''+\R%), n,-Gc|, A; = -1,0, 
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(11.4) 

Mfc := |n = Vr + VoxiZ) log(| Z \) + + ^^2^, G F^+^^j^e )^ G c| , A; = 1, 2, 

where //'"(R^) are the usual Sobolev spaces of functions v ^ LP' such that (—A + l)^v G LP'. It is 
clear that these spaces do not depend on the choice of function X) and given u, the coordinates Vj, 

< j < 2, and Vr{0) when k = 2, are also independent of x- We easily check that in the sense of 
the distributions on we have 

(11.5) Azlogd Z I) = Az = -y^, Az = -4n%{Z). 

Since for any e > 0, Sq e H-'^^-'iR^) \ H-^(R^), we have 
X{Z) 

1 Z |4 ^ " / ^' I ^ |2 

We deduce that EI2 C Hi C Hq C EI_i C Lj^^{R^). Now we take two real m, ^2, such that 

(11. 6) p.j < 0, ;Ui / ^2, 
and we choose on ff^(M^) the norm given by : 

II Vr \\m- = \\ (-A - /ii)2 (-A - ^X2)^Vr \\l2 . 

The other spaces IL^ are endowed with the norm || Vr ||j?'":=|| (— A + 1)"^^ ||^2. If we put 

/ 2 y 

(11.7) ll'^llHfc := ( II ll^fc+2 +^ I M , A: = -1,0, 

(11.8) ||n||Hfe := ^11 Vr \\]ju+2 +Y,^ I Vj , k = 1,2, 

we can see that ||.||bIj is a norm on and (Hj, || . Wmj) is a Hilbert space, and Hj is dense in Hj 
for j < i. Since if^"'"^(]R^) C C'^(M^), lr(0) is well defined for any u G IHI2. Then given a linear form 
q onC^, we introduce the closed subspace of EI2 

T>{q) :={uG]H2; q{Vr{^),VQ,Vi,V2) = Q>] . 

C^(M^ \ {0}) is a subspace of D(g). We denote V (Mt; T>{qx)) the space of the D(gA)-valued vector 
distributions on Rf Finally we have to choose the linear form L on H^. Since we want that Ku 
given by ()II.2h belongs to L\^JR^), we note that (jlLSp imposes to take : 

L{u) = -Att^V2. 

We emphasize that u 1— )• L{u)5q is a local perturbation since when u = in a neighborhood of 0, 
then V2 = 0, and so L{u)5q = 0. 

Theorem II. 1. For all /ii, ^2 satisfying liLL.6\) . there exists a continuous family (9a)a6K^ of pairwise 
different linear forms on such that D(q'a) is dense in Mi, and for any m > 0, / G Hi, g G Hq, 
there exists a unique ux satisfying 

(11.9) ux G (Rf, EI_i) n (Mt; Hq) n (7° (E^; Mi) n V {Rf, T>{qx)) , 

(11.10) d'^ux - Azux + rn^ux + L{ux)hQ = 0, 

(11.11) ux{0,Z) = f{Z), dtUx{0,Z)=g{Z). 
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The solution depends continuously of the initial data : there exists C, K > 0, depending of A but 
independent on m, such that 
(11.12) 

(K—m?\ \t\ 

II ux{t) IIhi +m II ux{t) IIho + || dtux{t) ||ho< C {\\ f ||hi +m \\ f ||ho + || g ||Ho)e^ '+ 
where = x when x > and = when x < 0, and for all G Co°(IRf) we have : 

(11.13) II Je{t)ux{t)dty,<cmm,+m\\fyo + \\g\\mo) J (| e(t) | + | e"(t) |) e(^-"^')+i*idt. 

There exists a conserved energy, i.e. a non trivial, continuous quadratic form £x defined on 
Hi © Ho, that satisfies : 

(11.14) VtGM, £x{ux{t),dtux{t))=£x{f,g)- 

This energy is not positive definite hut Ex is given on Cq"(M^ \ {0}) © Cq"(M^ \ {0}) by : 

(11.15) £x{f:g) =11 V/ 11^2 W II / 11^2 + II g 11^2 . 

The dynamics is non trivial : for all f , g in C^(IR^\{0}), if f and g are spherically symmetric, 
then L{ux{t)) ^ for some time t, except if f = g = 0. 

If X ^ X' the dynamics are different : given two spherically symmetric functions f , g in Cq°(IR^\ 
{0}), (/, 5) 7^ (0,0), the solutions ux and ux' of UI.9(l . UI.IO^) . 1(11.11]) are different. 

The propagation is causal, i.e. 

(11.16) supp{ux{t, .)) C {Z; I ^ |<| t 1} + [supp{f ) U supp{g)] . 
When f G T>(qx), g &Mi, then ux is a strong solution in the sense that : 

(11.17) ux G (Rt; Ho) n (Rt; Hi) n C° (Rt; I^(qx)) , 

and there exists C, K > 0, depending of X but independent on m, such that 
(11.18) 

(K—m?\ \t\ 

II ux(t) ||h2 +m II ux(t) IIhi + II dtux(t) ||hi< C (\\ f ||h2 +"i II / ||hi + || g llnje'^ ''+' '. 

For all m > 0, m ^ m 7^ \/—fJ-2, there exists a smooth surface S(m) C such that for 

any X G T,(m), the static solutions u(t,Z) =\ Z |~^ for m = 0, and u(t, Z) =\ Z |~^ K2(m \ Z |) 
when m > 0, belong to Y)(qx). For all m > and all X G S(0), u±(t, Z) := is a time periodic 

strong solution of UI.IC^) . ill. IT]) . 

The family of pairwise different linear forms qx is described below by ()II.55P and the next theorem. 
The terrific expression of this high order energy is given by (IIL491) and (IlLSOj) . The strategy of the 
proof consists in introducing a suitable hermitian product <, >o on Ho such that A endowed with 
D(g) as domain, is a densely defined self-adjoint operator. Then the energy is simply 

£xif,g) = \\g\\l + {^f,f)o + mWo- 

Proof of Theorem \II. li It will be convenient to use an alternative definition of the spaces H^ . 
We take a third real number and we assume that 

(11.19) Ho < 0, /xo / /xi, Ho / H2- 

We introduce the distributions 

<I>o := (-A - Mo)"H-A - m)"'(-A - f^2)-'So G H'-^R'') \ H^(R''), 

:= (-A - Hjy^So G H-'^-'(R^) \ H-\R^). 

By the elliptic regularity, all these functions belong to C°° (M^ \ {0}), and an explicit calculation 
give the structure near Z = : 
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Lemma II. 2. $o '^''T-d belong to L^(R^) and can be written as 

(11.20) = ^ + ^ - I log(| Z I)) + 

(11.21) MZ) = ^X{Z) log(| Z I) + Go(Z), 
where Fj and Gq are functions of H^{M.^), satisfying 

(11.22) F,(0) = ^^(41og 2 + 3 - 47 - 21og I |), 
(11.23) 

^ ^ 4 log 2 + 3 - 47 _ ^i(/i2 - Mo) log I /^i I +/^2(mo - ^1) log I At2 I +j»o(Ati - /^2) log I /ip I 
°^ ^ 128^3 647r3(^o - w)(/ii " /"2)(/U2 - /io) 

where 7 is i/ie Euler's constant. 

As a consequence, we have the following characterization of spaces ; 

(11.24) Mfc = {li = Ur + uiipi{Z) + U2V2{Z), Ur G iI^+2(R|), e C} , k = -1,0, 

(11.25) Hfc = {-u = ^7^ + 'Uo$o(^) + ui^i{Z) + 'U2(^2(^), ^^"^ G u^- G c} , A; = 1, 2, 
where the coordinates uq, ui, U2 do not depend on the choice of no, and the norms 

(11.26) := II lir ll^fc+2 +^ I % p , A; = -1,0, 

(11.27) \u\k := ^11 Ur \\l,+2 +J2 I % I'j ' ^ = 

are equivalent to the ||.||Hfc -^orms {//. ?)) . ill.8\) . 

Proof of Lemma UI.^A We use the Bessel formula that gives the Fourier transform / of a spherically 
symmetric function / € L^{W^), 

/(C) := / e-^-^/(X)dX = r Jm_^{\ C I r)F(r)rf dr, F{\ X |) := /(X), 

to get : 

^°(^) = 8;^wio ^^^^"^'\.2-/.o)(.^-M.)(^2-M2)'^- 

We write 



z2 - 



to obtain 



^O(^) = ^3 I ^ |2 y, y, eW*g+Mlt?+/^2ti ^ J2(Z I Z |)e-^'(*0+*?+*2)z3dzj totlt2dtodtldt2. 

We recah formula (10.22.51) of [l3] : 



I 7 |2 |z|2 

J2(z I Z \)e-' P z^dz = ^-^e ^. 
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and by replacing in the previous expression, we deduce that 

■|2 



=0 .~ „,J+,.„;+Bli-j;;j5i^^ 



JO JO 



o o 7Tr:Tdtndt\dt2- 

y-2 _i_ +2 _i_ /2^3 u i ^ 



(ig + if + i^) 



We use the spherical coordinates of M^, to = p cos 99 sin 0, ti = p simp sin 6, t2 = pcosO to get 



1 

8^ 



\Jo 



1 



+ 



167r3(^o - JO 
1 

327r3(/io - - fJ-2) Jo 

1 



^ sin^ 9(/i0 cos^ </'+A'i sin^ ip) 



cos (f sin e 



e 4^ 



e 



CO 2 l-^l^ 

e •'f 



+ 



327r3(/j,2 - ^o)(^o - JO 



CXD 2 \Z\ An 



We can express the modified Bessel function K2 by formula (10.32.10) of [13] to get 



00 2 
e 4p- 







therefore we obtain the expression of $0 ■ 

1 



47r3 I Z |2 



I Z |2 



Ml 



K2(y^|Z|), 



+ 



(mo-Mi)(mi -M2) 

M2 



i^2(\/^| ^1) 



+ - 



(mi -M2)(M2 - Mo) 
Mo 



^2(^/^ I ^ I) 

-K2(y=M^| ^1) 



(M2 -Mo)(mo -Ml)' 

We directly obtain the expression of (pj with a change of variable in formula (II, 3 ; 20) of [?] : 



(11.28) 



V^jiZ) = - ^^/'\2 ^^(V^\^\)- 



We know that K2{z) is an analytic function on the surface of the logarithm, and for z > we have 
the following asymptotics (see pL3j, formulae (10.25.3) : 



Ko(z) 



z —?- 00, K2{z) 



^ z^0+. 
z^ 



We deduce that $0 ^iid are in L^(M^). To derive the asymptotic forms near zero, we use formula 
(10.31.1) of that allows to establish that for z > : 

(11.29) K2{z) = \-\-''\o^z-r z^F{z^) + z^G{z^) log z 

z"^ 2 o 

where F and G are entire and if 7 denotes the Euler's constant, we have : 

41og2 + 3-47 



(11.30) F(0) = 

(flL20ll follows from (llL28l) and (IIL29]) with 
F,{Z) = {l-xiZ))ip,iZ) 

+ X{Z) 



32 



1287r3 



^'^ log(-M.) + ^F(-M. I ^ n ^' '-'^ 



M?l^ 



8^3 



G{-Pj I Z|2)log(-^, I Z 
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Since (1 - x)'fj G H'^iW) by elliptic regularity and | Z \^ log(| Z |) G Hf^^{W) we conclude that 
Fj e H^{W'), and (llOUl) gives (111221) . Finally we have 

$0 = 21, . + . .+ 



.(/^O - ^l)(^l - ^2) (Ptl - ^2)(^2 - /^o) (/i2 - Mo)(A^O - /^l)/ ' 

hence ()IL2T]) follows from (IIL20]) with 

Go = 2(, g , + , S ,+ ^° 



.(/"O - /Wl )(/"!- /^2) (/"I - /U2)(M2 - /^o) (At2 - /^o)(^0 - ^1)/ ' 

and with this expression of Gq, pi.23P follows from ()II.22p . At last the link between ([/,., uq, ui, U2) 
and (K-; ^^0; ^^1; ^^2) is easily deduced from pi.20p and pi.2ip via some tedious computations : 

^^2 =7^(mi + ■"2), ^"1 = -7r-^(/^i^ii + M2'U2), 

(11.31) 

Vq =-^^{2uq - fljui - f4u2), Vr = Ur+ UqGq + UiFi + U2F2, 

(11.32) 

u\ = , U2 = , uo = 327r vo + Svr [fii + iJ.2)vi - 2tt ij.i^2V2, 

Ml - A*2 ^J'2- fj'i 

^Vl{lll + ^12) - V2^Jil^J.2 ,ry\^ /I ^ n IGvr^Ul - 47r^^2f2 le-TT^-yi - 47r^/ill'2 „ 

+ 16 ^ I) ^737^^ ^17^7^^ 

CZ. - (32.3.0 + 8.3(^, + ;.,)., - 2.3^,^,.,) Go - 16vr3.i-4vr3^2.2 ^^ _ X^fv^-A^^^ 

^ > fJ-l- /"2 - /^l 

These expressions show that the coordinates ui, U2, uq depend on u, fii, ^2, but are independent 
of the choice of /^o- Furthermore, since x(-2^)log(| Z \) G H^~'^{M.^) and Fj, Gq £ H^{M.^), we see 
that the ||.||Hfc -norms and the |.|fc-norms are equivalent. 

Q.E.D. 

Now we take two real numbers 7^ > and for u € Ho we put 

(2 \ 5 

II \\h2 I 

that is clearly equivalent to the ||.||Ho-iiorm. We choose 9 £ [0,ir[ and we put 

A := (Ao, Ai, A2) = (cot 6*, log 71, log 72) g] - 00, 00] x M x M. 
We introduce the operator A defined by : 

An := -AUr + fj-ouo^o + ( fJ'iUi H — — ) fi + ( fJ'2U2 H — — ) V2- 

\ ^J'l-^J'2J \ ^J'2-^J'l/ 

This operator is a continuous linear map from H^. to ]HIfc_2 for k = 1,2. Now we define A;^ as its 
restriction to the domain Dom{Ax) defined by 

f sin 6 1 

(11.34) Dom( Ax) :=< u e M2 ; Ur (0) sin 9 + uq cos 6 - hmi - -^21^2) = 0L 

I 1^2 ) 

It was proved in [9j that (Ax, Doni{Ax)) is a selfadjoint operator on (Ho, || . ||o)- We consider the 
Cauchy problem associated to pi. lip and 

(11.35) dfUx + Axux + rn^ux = 0. 

We show that this equation is just pi.lOp . We have (—A — /io)$o = (— ^ — /^ii)~^<^2 = ^^I^^ • 
Hence we get 

(11.36) An = -An- (til + n2)5o- 
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Since pi.32p implies ui + U2 = 47r^U2 = —L{u), the equations (|II.35P and (|II.10P are equivalent to 

(11.37) dtu - An + m^u + L{u)5q = 0. 

The Cauchy problem for this equation has to be completed by the "boundary condition at Z = 0" 
specified by the domain of A a : 

sin 

(11.38) Ur{0) sin 6* + uq cos 6^ - {jiui - 72^2) = 0. 

^J'l - fJ'2 

Thanks to pi.32p . this constraint can be associated with a linear form qx {Vr{0),Vo,vi,V2) defined 
on and T>{qx) = Dom{Ax). Therefore to prove the Theorem, it is sufficient to investigate the 
Cauchy problem (ULTTI) . (flOSl) . 

The case 6 = that corresponds to uq = or Wvq + 4(/ii + ^2)vi — /^i/i2^^2 = 0, is rather 
peculiar since Dom{Ax) is not dense in Hi. It corresponds simply to the operator defined on 
H\R^) e Cipl e Cv?2 by 

(11.39) 'iUr e H^(M.^), AoUr:=-AUr, Ao^pj = Hj(pj, j = l,2. 

In this case the dynamics is uncoupled between the regular and singular parts of the field : given 
f = Fr + fnpi + f2^2, g = Gr + Qifi + 02^2, -^r, Gr G if'^(M''), fj,gj G C, the Cauchy problem is 
easily solved by 

Ux{t, Z) = Ur{t, Z) + Mt)ipi{Z) + f2{t)Mz) 

where Ur is the solution of the free Klein-Gordon equation d^Ur — AUr+m'^Ur = with Ur{0) = F^, 
dtUr{0) = Gr, and fj{t) is solution of the harmonic oscillator fj + {m? + ^j)fj = 0, with fj{0) = fj, 

m=9r 

In the sequel, we consider the case ^ 7^ 0, i.e. A G M'^ and the family of linear forms is given by 

(11.40) q\{Vr{0),Vo,Vi,V2) ■■= t/r(0) + AqUo Ui 1*2. 

/"I - /"2 - ^1 

First we prove that Doni{Ax) is dense in Hi. Given u = Ur + uq^q + unpi + U2^2 G Hi, we pick 
a sequence V^" G C^{R^ \ {0}) converging to Ur in H^{R^), and a sequence Xn G Cg'iR^ \ {0}) 
converging to x in H^{R^). We put := + ( ^'^il^f" -ttocotg) {x - Xn)- Then := 
U^ + uq^o + uiifi + U2^2 belongs to Do'm{Ax) and tends to u in Hi as n tends to infinity. 

Now we investigate the quadratic form associated with the operator Ax- We use the fact that 
((-A - no)Ur, $o)h2 = UriO) = - uo cot 9 to evaluate : 

(11.41) 

{Axu,u)q =/io II $0 11/^2 1 Uo 1^ +/ii7i I ui 1^ +Ai272 I U2 f H wo^tr U0U2 

/il - /i2 /^l - Ai2 

+ II ^Ur \\h2 +{{-A- fIo)Ur,Uo^o)H2 + 2flQ^{Ur,UQ^o)jj2 

={-fio II $0 11^2 - cot 6*) I Uo P +//171 I ni p +/U272 I ^2 p ( W-^^^^^^^^ — 72^*2 \ 

V /"I - /^2 / 

+ II VC/,. 11^2 -2/io II C/r 11^2 +2/X0 II Ur + Uo$0 11^2 . 
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We see that u {Axu,u)q is a continuous sesquilinear form on Dom{A\) endowed with the Hi- 
norm. Moreover for any Af > we have 

(11.42) 

{Axu,u)q + M II u ||o>(-/Uo II ^0 \\h2 -cot^-l + M) I no I^ 

+ II VC/r 11^2 -2/io II Ur \\h2 +(2^0 + M) II Ur + no$o 11^2 • 
We deduce that for M = Mx large enough, there exists a > such that for all u G Dom{Ax), 

(11.43) {Axu, u)q + Ma II n ||2> a \\ u . 

We conclude that Ax is bounded from below, || {Ax + Ma) 2 u ||o is a norm equivalent to the Hi 
norm, the domain of the sesquilinear form is just Hi, and (Aa + Ma)~2 is a continuous linear map 
from Hq to Hi. (|II.43P implies also that 

a II u ||hi< II (Aa + Ma)u||ho, 

hence 

2 

^\uj\< k\\ (Aa + Ma) uUhq- 
i=o 

We have also 

WUrWu^ < C||(-A + Mx)Ur\\H^ < C (|| (Aa + Ma) n||Ho+ I ^^o^o I II^oIIhO • 
Therefore we conclude that there exists c(A) > such that for all u £ Dom{Ax) we have 

(11.44) ||u||h2 < c(A)|| (Aa + Ma)u||ho < -r^Mm^- 

C[A) 

Then it is well-known that for / G Dom{Ax), 5 G Hi, the Cauchy problem (jll.lip . (jll.SSP has 
a unique solution ux G C^(Rt;Ho) n C^(Mf;Hi) n C'^{Rt; Dom{Ax)) and this solution depends 
continuously on the initial data (see e.g. theorem 7.8, page 114 in [7]). Nevertheless, since we need 
to carefully control the constants with respect to the mass m, we present some details. If > Ma, 



ux 



we have simply ux(t) = cos (tvAA + m^) / H ^ . 9, hence pi.43p and pi.44p imply : 

(11.45) ||9tnA(t)||e, + ||nA(t)lk+, <C(||/Ik+, + |bl|e,), k = 0,l. 

When m? < Ma, we can construct ux by solving the following integral equation thanks to the 
Picard's iterates : 

m (. / A , ., \ , , sm{WAx + Mx) , 2, f' sm{{t - s^Ax + Mx) , , , 

t) = cos [WAx + Mx)f + ' , ' 9 + {Mx-m) ^ — '-ux{s)ds. 

^ ' V Aa + Ma Jo V Aa + Mx 

The Gronwall lemma gives 

(11.46) \\ux{t)U. + \\Qtuxit)U, < C{\) (II/IIhi + II^IIho) el*^^^-'"'), 

and by applying Aa + Ma to the integral equation, using pi.44p and the Gronwall lemma again, 
we get 

(11.47) II^A(i)||H2 + \\dtnx{t)U. < C{\) (||/||hi + IIsIIho) el^K^^""^'). 

Now we have to control m||uA(t)||Bife) A; = 0, 1. We start by noting that the following energy is 
conserved : 

(11.48) II dtuxit) \\l+{AxUx{t),uxit))o+m^ \\ ux{t) \\l=\\ g \\l + {AxfJ)o + m^ \\ f \\l:= £x{f, g), 
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hence pi.43P and ()II.46P imply ()II.12p with K := Mx + 1 when m? > K. Furthermore, we get its 
expression with \IIAI\ : given f = Fr + fo^o + fwi + f2^2 £ Mi, g = Qr + gupi + g2(p2 G Hq, 
Fr G H^(E.^), gr G H'^(R^), fj,gj G C, we have : 

(11.49) 



£x{f,g) =Ee^' + I fj I' + I 9j I'] + (-/«o II $0 111^2 -Ao) I /o I' +23f? /, 



_e^i/i-e^V2 



Ptl - /"2 



+ II (-A - ^l)5(-A - ^2)^5r Ilia +(^2 + 2/io) || ("A - - fl2)^ {Fr + fo<^o) 

+ II V(-A - fll)H-A - fi2)^Fr Ilia -2^0 II (-A - /il)5(-A - ^2)^i^r Ilia 



+ m') I 1^ + I gj \' + K + /io) II $0 |Ih2 -Ao I /o T +23^ /( 



/"I - 



+ II (-A - ^1)5 (-A - ^2)^5r Ilia +2(m2 + 2^o)3? (/o(-A - Mo)"'i"r(0) 

+ II V(-A - m)5(-A - //2)^i^r Ilia W II (-A - /Xl)^(-A - H2)^Fr Hia 

where we can compute 



1 



(11.50) 



8 7o (p2-;,i)(p^-M2)(p2-^o)2' 

_ 1 / /iflog(-/ii) ^|log(-p2) 



16 y(^2 - m)(Atl - Po)^ (/"I - M2)(/^2 - Mo)^ 
(MiMo + ^2/^0 - 2poMlM2) log(-^o) 



+ 



(mi -/^o)^(At2 -Mo)^ 



(/^l -/^0)(/^2 - Mo) 



When /o = /i = / 2 = gi = 52 = 0, in particular when /, 5 G C^{M.^ \ {0}), then £:a(/, g) is given by 
(jlLl5ll . To prove dlLlS]) when > Ma + 1, we consider for /i / 0, i;fe(t) := h'^juxit + h) - ux{t)] 
that tends to dtUx{t) in C°(Mi; Mi) n C^iMu Ho) as /i 0. We apply estimate (UTiHl) to and we 
get 



\\dtvhml+ {Ax + Mxr^Vh ^ + (m2-MA)|b,,(t)||^ 



dtux{h) - g 



h 



+ 



+ Ma)2 



( ux{h)-f 



+ (m^ - M) 



ux{h) - f 



h 



and taking the limit as h tends to zero we obtain 



(Aa + Ma) ux{t) + (m^ - Mx)ux{t) 



+ 



(Aa + Ma)2 dtux{t) ^ + (m2 - MA)||atnA(t)(t)||g 



AA/ + m2/ 



+ 



(Aa + Ma)5 5 ^ + („^2 _ ^) ii^ii 



We deduce from this equality and with pi.l2p and pi.44p . that pi.lSP is satisfied with K = Ma + 1 
when > Ma + 1. It remains to study the case < m? < Mx + 1- We simply use ()II.46p and 
(jlLlTll to write 

rt 



sup m||'UA(t)||Hfc < K 

m?<Mx+l 



iHfc + 



\\dtux{s)\\mkds 



< 



C'{X) ( 



+ 



Now pi.l2p and pi.isp are straight consequences of this estimate and ()II.46P and ()II.47p . 

To solve the Cauchy problem when (/, g) G EIi©EIo, we pick a sequence {f^,g^) G Dom{Ax)(BM.i 
that tends to {f,g) in Hi © Hq as n — )■ 00. Estimation (jlD^ assures that the solution G 
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C2(Mt;IHo)nCHlRt;]Hi)nC°(Mt;Dom(AA)) of the Cauchy problem with initial data tends 
to a function e C^(Mt; Mq) n C°(Mt;]Hi) that is solution of (UlTT]) . (flL35ll and satisfies (flLiS]) . 
Since A is continuous from Hi to ]HI_i, the equation gives u G C2(M(; E[_i). To prove that u is a 
distribution of V {^t]Dom{Kx)), we take 9 G C^(Mj) and we consider F := J u{t)e{t)dt £ Hi 
and F"" := J u^{t)Q{t)dt G Dom{A\). By the previous argument tends to i*" in Hi as n — t- oo. 
Moreover AaF" = - / u'^{t){e" (t) +m^Q{t))dt that converges to - / u{t){e"{t)+m^Q{t))dt in Hi. 
We conclude with ([lL44|) and (|lLT2l) that F G Dom{Ax), i.e. ti is a Dom (AA)-valued distribution 
on Rt and pi.l3P is established. 

To prove the uniqueness, we consider a solution u satisfying pi.9p . pi.35P and (jll.lip with 
f = g = 0. We take a test function 6 G C^i^t), < 9, / e{t)dt = 1, and we define 
= n/ 9(ns)u(t + s)ds. u" tends to u in C^(Mi; Hq) n C°(Mt;Hi) as n ^ oo, hence we 
have II n"(0) ||ei— >■ 0, || dtu'^{0) ||ho~^ 0- Moreover is a strong solution satisfying pi.lTp and 
(IILT2]) . Therefore n" tend to in Ci(Mt; Hq) n C°(Mt;Hi), and finally u = 0. 

We prove now that the propagation is causal. We write ux = W + w where W is solution of 
the free Klein-Gordon equation {d^ - A + m'^)W = with T^(0) = ma(0), 5*^^(0) = dtux{0). 
Then (9| - A + m'^)w = -L{ux)5q with u;(0) = dtw{{)) = 0. We have supp{w\t, .)) C {Z] \ 
Z \<\ t \} + [supp{f) U supp{g)], supp{w{t, .)) C {Z; | |<| t |}. When G supp{f) U supp{g), 
supp{w{t, .)) C supp{W{t, .)) and ()II.16P is established. When ^ supp{f) U supp{g), we con- 
sider firstly the case (/,<?) G Dom{Ax) ©Hi. then necessarily uo{0) = uo{0) = ui(0) = 111(0) = 
^2(0) = 112 = hence {f,g) G iJ'^(M^) x H^{MP). We denote r > the distance between and 
supp{f) U supp{g). For | t |< r, satisfies trivially the boundary constraint qxiW{t)) = 0, 

hence W{t) = ux{t). As a consequence L{u{t)) = for | t |< r, and for all t, supp{w{t)) C 
{Z; I Z |<| t I — r}. Since G {Z; | .Z' |<| r |} -|- [supp{f)U supp{g)], we conclude that 
(|II.16P is satisfied again. When [f,g) G H^{^^) © iJ^^j^e^ ^^^^ q ^ supp{f) U supp{g), we 
choose a sequence G i7^(M^) x i73(M6) ^j^a^^. ^g^^g (j^^^ 1^3(^6) ^ i^s^RS)^ ^^^^ 

supp{f^) U supp{g^) C {Z; | .Z' |< ^} -|- [snpp(/) U supp((/)] . The previous result assures that 
supp{ux{t, .)) C {Z; I |<| t I -|-^} -|- [supp{f) U supp{g)] where is the strong solution with 
initial data (/", g"). Now ()II.16P follows from the convergence of to ux in C'^(Mt; Hi) as n — >■ 00. 

To show that the dynamics is not trivial and involves a singular part in | Z |~^ even for smooth 
initial data, we consider a solution ux with spherically symmetric Cauchy data /, g G Cq°(M^ \ {0}), 
and we assume that L{ux{t)) = for any time t. Then ux is a smooth solution of the free Klein- 
Gordon equation, and so ux{t,.) G Co°(IR^) for all t. Therefore no(t) = ui{t) = U2{t) = and 
■"A = Ur- The constraint ux G Dom{Kx) implies tr(t,0) = 0. Moreover the Fourier transform of 
Ux is given by the classical formula 

^(nA)(t,C) =Ee^'*^^^^^±(l C I)- 
± 

Then Ux{t, 0) = implies that for any t G M, 

/ e**'' (^+(Vr2 -m2)l[^^^[(r) +^_(Vr2 -m2)l]_^^_„](r)) {r"^ - rr^frdr = 0. 
J —00 ^ ' 

We conclude that A± = and finally f = g = 0. 

Now we show that different A yield to different dynamics. We assume that u = Ur + uq^q + 
uifi+U2(p2 is solution of (IlLTOj) . (IILTT]) . (IlLTTj) for some A and A' in M'^ with spherically symmetric 
initial data f,g £ C^{R^ \ {0}), if,g) / (0,0). Since u G C2(Mt;Ho), we have Ur := Ur + uq^q G 
C^{Rt;H^{R^)), ui U2 G C2(R). From u G CHMt;Hi) we deduce that uq G C\R) and G 
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C\Rt;H^(M^))- Finally u £ C^{Rt;^iqx)) implies C/,. G (Rt] (M^)) ■ Furthermore (UTTO]) 
implies that 

^fur+Ul(pl+U2^2-^Ur+^i0U0^0+'rn'^Ur+(fllUl + m^Ui H ^^^^^ ) fl2U2 + irPu2 H — — ) (P2 = 0, 

where itj denotes the second derivative in time. By examining the regularity of each term, we 
obtain : 

d^Ur — AUr + fJ-oUQ^Q + ra^Ur = 0, 
m ill + [fii + m )ui ^ = 0, 

U2 + ip2 + rn^)u2 H — — = 0. 

This system has to be completed by the initial data 

UriO) = f, uoiO) = ui{0) = U2i0) = 0, dtUriO)=g, 7io(0) = ni(0) =ti2(0) = 0, 
and the boundary condition at Z = : 

Ur{t,0)+XoUo{t) ^^Ui{t) ^^U2{t) = Ur{t,0)+X'QUo{t) ^^Ui{t) ^^U2{t) = 0. 

fJ-l - fJ'2 /"2 - Ml /"I - /^2 /"2 - fJ-l 

We get from these both constraints that 

Ai A' A2— A' 

(11.52) (Ao - X'o)uo{t) = ^^^^ui{t) + ^^^U2{t). 

fJ-l — /^2 /^2 — Ml 

First we assume that Aq / Aq. Then uq = ([e^^ — e'^'^]ui — [e^'-^ — e^''2]u2^, hence 

Aq — Aq 
(Mi -M2)^ 



ill + (mi + m2)^xi + , ^° ^° „ ([e^i - e^'i]ni - [e^^ - e^^J^a) = 

(11.53) 



U2 + (M2 + m^)u2 - , ^° ^° , ([e^^ - e^'i]ni - [e^^ - e^'^l^xa) = 0. 

(Ml -M2)^ ^ ^ 

Since the initial data for Uj are zero, we deduce that ui{t) = U2{t) = for all t, that is a contradiction 
with the fact that ui + U2 is not identically zero. We conclude that Aq = Aq. As a consequence of 
dUMI), we get 



(e^i_e^i)^xi(t) = (e^2-e^2)u2(t). 



We assume that Ai / A'^, hence we can express ui in term of U2- Since (|II.5ip shows that U1+U2 + 
(Mi + m?)ui + (^2 + m?)u2 = 0, we deduce that U2 is solution of 

(^aTTP^ + 1^ W2 + |^(M1 + "^^) gAi IgA; + (^"2 + W2 = 0, U2(0) = ^2(0) = 0. 

If ^ '-'^y 7^ -1, then ti2(t) = for ah t, hence Ml is also zero, that is a contradiction as previous. 

e^l— e 1 

If ~ tl^sn (^1 — M2)^2(i) = for all hence is also zero, that is a contradiction 

e^l— e 1 

again. We conclude that Ai = A']^. We can prove by the same way that A2 = A2, and finally A = A'. 

We now want to determine for which A, the static solutions belong to Dom{Ax). Such a solution 
is given by Ustat '■= (—A + m'^)~^6o which is equal to g^^^p K2(m \ Z \ ) when m 7^ and — 4^3"! 
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for m = 0, since L{ustat) = —1- If we write Ugtat = Uj. + uq(^q + uiipi + U2^2i we deduce from 
(|II.20[) and (jll.21[) that Ugtat £ H2, and its coordinates are given by : 

w? + H2 w? + Hi m"^ + m^(^i + /i2) + /iiA'2 

Ul = , U2 = , Uq = , 

/"2 - ^1 /"I - /^2 2 

4 4 

Tfi TTi 

UriO) = - ^ logm + ^F(O) - noGo(O) - niFi(O) - ^2^2(0), 

where F(0), Go(0) and Fj(0) are given by ([lL22]) . (llL23l) and (|lL30l) . Since / -m^, then uq / 0. 
Therefore Ustat £ Dom{Ax) iff 

A G S(m) := |a G Aq = — ( ^ ' m + ^ ' - C/,.(0) | 1 . 

no \fii - fJ.2 fJ-2- fJ-i J ) 

At last it is clear that the time periodic solution e^*"** | Z is in Dom(Ax) iff A G 5](0). 

Q.E.D. 

The previous construction heavily depends on the choice of the different parameters /^o, Aii, /^2, 
^5 71 ) 72- We now want to make more clear the role of these parameters. First we note that the 
changing of fio into fj,Q, does not affect no, ni, n2 and it reduces to replace Ao by Ao + Go(0) — Go(0), 
where G'q{0) is defined by pi.23P with fiQ, /ii, fi2. Therefore, the set of all the linear forms 

q\(yr{0),vo,vi,V2) = AVr{0) + aoVQ + aivi + 02^2, Aoij G M 

is obtained by varying fii, fi2, /^i 7^ fJ'2, fJ-j < 0, G M, 71, 72 > 0. 

As we have noticed, the case ^ = in pi.38P is not very interesting since in this case, the 
dynamics is trivial for the initial data /, g in Co°(M^ \ {0}) : the solution n satisfies L(u) = and 
d^u — An = 0. It corresponds to the condition no = that becomes by pi.32p with ji'j = /ij/4 

A = 0, no + (/u'l + /i2)ni - n[fi'2V2 = 0, 

where fi'j := /ij/4 are any real numbers such that fi'j < 0, ^'^ 7^ ^2- If we put oi = fi'i + ^'2, 
a2 = — Ai'iAi2) tfien fi'j are solution of the polynomial //^ — aifi — 0:2 = 0. This equation has two 
negative distinct solutions if and only if the coefficients Oj satisfy 

(11.54) ao = 1, ai < 0, -aj < 4a2 < 0, 

For 9 ^ 0, we describe in terms of the coordinates {Vr{0), no,ni, ^2), all the families of the linear 
forms that we have constructed. If we normalize by taking A = 1, 01. 32^ and pi.40|) show that : 

(11.55) 

ao =327r3 (Ao - Go(0)) , 



"1 =(/^l + At2) 



8,3(,„_o.,0,)-i^-A.2 



«log(| Ml I) - /^2log(l /^2 I) 3 71+72 



"2 =/^l/^2 



-2.3(Ao-Go(0)) + i^+ ' ^ /.ilog(|A.i|)-/.2log(|/.2 



+ Att' 



8(^1-/^2) (/^l-M2)2' 

3^171 + m2 



16 ' 64 16 32(^1 -H2) J ' ^" (/ii - /i2)2 ' 

where Go(0) can be explicitly expressed by the formula pi.23P involving the Euler's constant 7, 
and /io,/Ui,/X2. 

Conversely, we want to determine for which a := (a0)"i;"2), K-(O) + ao^o + aini + 02^2 is a 
linear form qx associated with some fj,j < 0, /ii / ^2, and > 0. 

Theorem II. 3. The whole family of the linear forms 

(1\{Vt{^),vq,vi,V2) = V;.(0) + aono + aini + a2n2, Uj G M 
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of the Theorem ]!!. 1\ obtained with all the values of fj,i,fi2 < 0, /ii 7^ fj,2, A G M^, is given by the set 
A 0/ a € M'^ satisfying firstly 

ai a2 



(11.56) 

and secondly 

(11.57) 



ao + 



ai + J af — 4a2 



3 



"0 + 



02 < 0, 

or 

a2 =0, ai > 0, 
or 

< ai, < 4^2 < a? 

0-2 



ot\~\Joi\-^ci2 (ai-y^-4a2)^ ~'~ ^ 



— 4q2 



> 



7- 



7/ (tto, ai, 02) 7^ (oo,a'i,a2); ^he dynamics are different : given two spherically symmetric func- 
tions f, g in C^(M6 \ {0}), (/,g) / (0,0), the solutions u and u' of (EU, ULM, (EUP are 
different. 

Given m > 0, the static solution u{Z) = ^^^jS^^ belongs to D(g) iff 



(11.58) 



\ ) ^ A . , ai 2q2 2 ^ 41og2 + 3-47 
a G 2j(?7ij = <ae>l, mao + -;^ 5- = m [ — log m 



32 



and for m>0, the time-periodic solutions ^jz]^ belong to D(g) iff 
(11.59) a G i;(0) = 1(00)01)02); 02 = 0, oi > 0, ao -\- - logoi < 



1 log 2 
4 2~ 



Proof of Theorem \H.3l With pi.3ip we can check that we have 



iff 

(11.60) 
(11.61) 
(11.62) 



qx{Vr{0,Vo,Vi,V2) = UriO) + XqUq 

Ao = Go(0) + 



71 



/"I - lJ-2 



-Ul 



72 



/"2 - Ml 



-U2 



327r3' 



71 = (/^i - M2) 



72 = (/X2 - Ml) 



Oo 2 

Ml 



Oi 



647r3 



Qq 2 
64^3/^2 



3 Ml 



167r 

Ol 

167r3'^^ 47r3 



02 
02 



Fi(0) 



i^2(0) 



Equation pi.60p yields no constraint on aj since Aq is an arbitrary real number. In opposite, pi.6ip 
and (III.62P show that a = (oq, oi, 02) defines a linear form of the families q\, if and only if we can 
find Ml) M2 < 0, Ml 7^ M2) 7i) 72 > solutions of these equations that we can write as : 



(11.63) 

where 



Ml - M2 2/-, ^ X 
71 = ^g^3 MlGa(Ml)) 72 



M2 - Ml 2^ / N 

^^M2Ga(M2) 



Oo "1 402 1 , log 2 

M =- 2" + M 

MM" 



16 4 



4 /X /x^ g cv, , ^ 
We note that the conditions > in (|II.63|) are equivalent to the constraint 

3Mi)Mi; Mi < Mi < 0, Ga(Mi) < < G„(Mj). 
An elementary study of the function Ga shows that this case occurs iff 
(11.64) < 0, G«(m*) = 0, G'M > 0. 
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Since G'^{ix) = lJ-~^{\lJ? + ai/i + 802), we look for the a such that 

(11.65) < 0, Ga{^l*) = 0, + aifi^ + 802 < 0. 

o 

If/U± :=4^— aiib \J a\ — 4a2^ > an obvious equivalent condition is 

> 4a2, 3^^, G ]^_,/i+[n] - oo,0[, GQ,(/i*) = 0. 

Therefore, taking account of the asymptotic behaviour of Ga(/u) as /x — 0^, we have to determine 
the set of a such that GailJ--) < 0, and Ga{P'+) > when < 0. The constraints (|II.56[) . (1II.57[) 
easily follow. 

Now we prove that different a yield to different dynamics. We can see that 

n(t, Z) = Vr{t, Z) + voit)xiZ) log(| Z |) + vi{t)f^ + Mt)^ 
is solution of (|lLTn]l iff 

Z |2 ^ I Z 



=a,V. - AVr + m^Vr - ( vo log(| Z I) + ^ + — ^ ) Ax 



2^ - 4^ - 4^ j Z.Vx + (vo + m\o)x log(| Z |) 
+ {vi + m^fi - 4vo) I ^ ,„ + (i)2 + m^f2 + 4fi) 



When u G C2(Mi;Mo), we have Vr + t^oXlogd ^ I) G C2(Mj; 7/2(1^6))^ ^ C2(R). n G 

Ci(Mt;IHi) implies that G C^(]R) and V; G {Rt; 0^'^)) ■ Finally n G C°(Rt;D(gA)) yields 
Vr £ (7*^(1X4; //^(M®)). Now we consider a strong solution u of which the initial data are two 
spherically symmetric functions /, g in Co°(M^ \ {0}), (/,<?) 7^ (0,0). We know that there exists T 
such that V2(T) ^ 0. Taking account of the regularity of each terms in the previous equation, we 
get that 

=d^Vr - AVr + m^Vr - (v^ log(| Z |) + ^ + ^) 
(11.66) ^ 

2^ - 4^ - 4^ ) Z.Vx + (i)o + m\o)xlog(| Z |), 



Z|2 |Z|4 |Z|6, 

(11.67) = -ui + m^vi - Avq, 

(11.68) = i;2 + ^2^2 +4?;i. 

We assume that u is solution associated with two linear forms with (00,01,02) and (oq, a'j^, 02). 
Then we have 

(oo - OiQ)vQ{t) + (ai - a[)vi{t) + (02 - a2)'^2(i) = 0. 
If oq 7^ c^o express in terms of vi and f2 in ()II.67p and with pi.68P and the initial data 

Vj{d) = Vj{0) = we obtain vi{t) = V2{t) = for all t, that is a contradiction with V2iT) / 0. 

We deduce that ao = a^. Now if oi 7^ a'l, we express vi by — i;2 in pi.68P and we obtain 
U2 = again, hence oi = a'^ and (02 — 02)^2 = 0. Finally since V2{T) 7^ we conclude that 02 = 02- 

Finally to determine S(m) we use pi.29P to get the components of the static solution | Z 
K2{m \ Z \) : V2 = vi = — i, vq = —m?, Vr{0) = — m^logm + m^F(O) and the result follows 
from ()II.30p . To characterize S(0), we note that Vr{0) = vq = vi = and V2 = e*™* for the time 
periodic solution u{t,Z) =\ Z ^±imt^ Hence u{t,.) G D(g) iff 02 = 0, and we conclude with 
(IIL561) and (IlLSTj) . 
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Q.E.D. 

III. Super-singular perturbations of the 1 + ID-Klein-Gordon equation 

In this section we investigate the Cauchy problem for some super-singular perturbations of the 
Klein-Gordon equation on the half line with a Bessel potentiel and a mass m > : 



(III.l) 



(9|v - 5f V' + i^i^ + = 0, t G M, z>o, 

i^iO,z)=fiz), dMO,z)=g{z) z>0. 



We recall some basic facts (see e.g. j4] p. 532). The Bessel operator 

with domain C^(]0,oo[) is essentially self-adjoint in L^(0, oo) since 15/4 > 3/2 and its unique 
self-adjoint extension is the Friedrichs extension A^t^ of which the domain is 

:= 1^ G L2(0, oo); P2ip G L^} = {V' G ^^(0, oo); ^2^^, V'', ^" V G -^^^} • 

As a consequence, the Cauchy problem is well-posed for / G Hq(\0,og[), g G L^(0,cxd) and the 
solution V G C°(]Rf; i^o (]0, cx)[) n C^(Mt; L2(0, oo)) is given by the standard formula 

, V sin (tv^ApH-w?) 

il){t) = cos [t^AF + m?) f + \^ , .. ^ g. 

These solutions are called ^'Friedrichs solutions " of (jlll.ip and they satisfy the conservation of the 
natural energy 

POO / 15 \ 

£{i^) := I dti^it, z)\^ + \ dMt, I' + (rn^ + ^] I V'(i, z) p dz, 
and the Dirichlet condition at the origin : 

We want to construct other solutions of OII.ip associated with other energies and other constraints 
at z = 0. We could use the recent spectral results on the singular perturbations of the Bessel 
operators in [10] but an easier way consists in using the link of P2 and the Laplace operator in M^, 

-Az = z~t (^P2 - ^^55^ 

In this way, we can apply the results of the previous section. Then the super-singular perturbations 
of Az restricted to the spherically symmetric functions, yield to hypersingular perturbations of P2 
in the spaces of the trace of the radial distributions (see |14) for an extensive study of these spaces) . 

Now we perform the suitable functional framework. We introduce the differential operators 

and, for 1 < < 4, we define the Hilbert spaces h'^ as the closure of Cq°(]0, oo[) for the following 
norms : 

(111.4) k = i,2, \mi,:=\mi2 + \\Pki^\\h, \mi,+2:=\mi2 + \\PkP2i^\\i2. 

Given x G Cg°(IR) such that xi^) = 1 in a neighborhood of z = O, we introduce the spaces 

(111.5) k = -l,0, l)k:={i;{z)=Mz)+vix{z)z'2 +V2x{z)z''^, G h^'+2, G c} , 

(111. 6) f)l := IV'(z) = tpriz) + Vox{z)z^^ log Z + Vix{z)z^ + V2X(.z)z~i, Vr G h^, Vj G C} , 
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(ni.7) 

f)2 := [il^{z) =A{z) +v-ix{z)z^ + vox{z)z^ log z + vix(z)z^ +V2x{z)z~^, V'r e h^, Vj G C|, 

and if X a space of distributions on M^, we introduce the subspace RX of the spherically symmetric 
distributions of X : 

RX:=\^u£X; Zidz^ - Zjdz.u = 0, 1 < i < j < o} . 
Given u £ L^(RD we associate ipu defined on ]0, ©©[^ by 

(111.8) M\ Z \) H Z \l u{Z). 

Lemma III.l. Given tp G L^(0,oo), ip belongs to if and only if u^{Z) :=| Z \~2 ip(^\ Z |) 
belongs to H^iM.^) and u^{0) = for k = A. As a consequence, we have 

C C c h\ 

(111.9) V e h\ I tPiz) \< Cz^, G h^, I ^{z) \< Cz^, 



(111.10) V G I i^iz) |< Cz^J\ logz I, V G h^ lim z~2ip{z) = 0, 

(111.11) -l<k<2, \:)k = {ipu; ueRMk}. 

The coefficients Vj do not depend on the choice of the function x and v^i = Vr{0) when ip £ 1)2 and 
u^! = Vr + vox^og I Z I +vix I Z +V2X I Z |~^. The spaces f)fc are Hilbert spaces for the norms 

(111.12) \mi--=\mU2+Y.\vj\' . 

j 

Proof of LemmaUnJl We remark that for u £ RC^{MP \ {0}) we have 
(III.13) 

I uiZ) p = ttM I ipuiz) |2 dz, / I Vzu{Z) f dZ = 7:'^ \ il^'^{z) - —^z) |^ dz, 



2z 



/ I Azu{Z) \^dZ = 7T' I - -^Mz) P dz. 

Jr6 Jq 

We deduce that u ir^^ip^ is an isometry from RCq^{M.^ \ {0}) endowed with a suitable 
norm, into RCq°{]0, cxd[) endowed with the hj^-norm. Since RCq°{M.^ \ {0}) is dense in H"^{M.^) for 
m < 3, we conclude that 

(III.14) fc = -1,0,1, hfc+2 = {V'«; u £ RH''+\r'^)] , t)k = {i^u; uGRMk} 

and piI.12p defines a norm HV'^Hfij. ~ II'^IIh^, for which f)fc is a Hilbert space. 

On the other hand, the Sobolev embedding H^{M.^) C C'^(IR^) implies that the closure of 
RC^iM.^ \ {0}) in RH^{R^) is the set of functions u G RH^ that are zero at Z = 0, and 
RH^{R^) = iiC^(M6\{0})eCx(| Z I). We conclude that lim^_,o+ z-lil^iz) = when ip £ and 

h4 = {ipu; u G RH*{R^), u(0) = O} , h4eCx(z)z5 = {v^^; u G i?/7^(IR6)} , f)2 = {i'u] u G iJMa} . 

The decay near the origin (jIII.9[) . (jIII.10[) for k = 1,2,3 are consequences of theorems 13 and 14 
of [Hj. To achieve the proof of the lemma, we remark that x{z)z2 ^ hi, x(z)z2 logz G h2 \ ha, 

5 5 

x{z)z2 G hs \ h4. Then the coefficients Vj only depend on and since Vr{Z) =1 Z \-2 V'rd Z\) = 
Z I), we have f_i = K-(O). Finally since ||n||j|/4 ~ ||V'r||h4+ I | for n G RH'^iR^), we 
have ||u||h2 ~ ||V'«||f)2 ^^^d it is clear that ()III.12p defines a norm for which f)2 is a Hilbert space. 

Q.E.D. 
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We now introduce the "boundary conditions". Given a = (oq, ai, G K^, we consider the 
Hilbert subspace 

(111. 15) fa := {"0 S f)2; v^i + aovo + aivi + a2V2 = 0} , 

and we denote the differential operator P2 endowed with da as domain. The existence of 
super-singular perturbations of the Bessel operator P2 is stated by the following : 

Proposition III. 2. For all a = (00,01,02) S satisfying the constraints IlII. 56\) and fll. 57]) . 
there exists a hermitian product on [)o, equivalent to the initial \\.\\^g-scalar product, for which Aa 
is a semi-bounded from below, self-adjoint operator on t}Q. Its essential spectrum is [0,oo[. Its 
point spectrum is a set o/O, 1, 2 or 3 non positive eigenvalues — A|, associated with eigenf unctions 

ipj{z) = ^/zK2{Xjz) if Xj > 0, ipj{z) = if Xj = 0. Moreover A| > are the roots of the equation 

(111.16) logx + 2ao + ^-^ = 0, 

X X'^ 

and is eigenvalue iff a belongs to S(0) defined by m.59\) . In particular, the point spectrum is 
empty for all a such that 
(III.17) 

1 cKi 1 1 / ] 

02 < 0, -log2 < aoH , -^ + -log I ai + y af - 4a2 

ai + ^af-4a2 (ai + Ja2_4a2^ ^ 



3 



and is the unique eigenvalue when 

(111.18) a2 = 0<ai, -i-^log2<ao + ^logai < i-ilog2-7 

Proof of Proposition UII.SX The previous lemma assures that the map ip ^ defined by 

(111.19) V(^) = Mz) + vMz)z'^ + V2X{z)z-l ^ u^{Z) = MA^ + v,^%^ + r;2-^^' ^ 



z\i ' \Z\' ^ |Z|4 
is an isometry from \]q onto i?]HIo, where EIq is the space pi.3P endowed with the equivalent norm 



3 



1 

2 \ 2 



71" 2 I II t'r lli2(K6) + II ||i2(]R6) + ^\Vj 

i=i 

Moreover we have for any ■0 S h-^ 

up^^ = -Au^ - 'i7r^V25o{Z). 

Now we consider ^1,^2 < 0, ^1 7^ /U2, Aq G M, 71,72 > associated with a by the Theorem III.3t 
and we endow Ho with the norm ||.||o given by ()II.33P for which Aa defined by pi.34p and pi.36P 
is semi-bounded from below, self-adjoint. We remark that 

{Z,dj - Zjdi) {-Az + L{u)6q) = -Az = i-Az + L{u)5o) (Z.dj - Zjdi) , 

hence the restriction of Aa to RMo with the domain RDom{A\) is a densely defined self-adjoint 
operator that we denote RAx. Since 

t'a = {ipu, u e RDom{Ax)} , Axu^ = up^^ 

we conclude that if f}o is endowed with the equivalent norm 

(111.20) IIV'llo := h^llo. 
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where ||ti^||o is defined by pi.33p . then is unitarily equivalent to RAx- Therefore it is semi- 
bounded from below, and self-adjoint on fjo- We introduce the operator Aq defined as the differential 
operator P2 provided with 
(III.21) 

do := U G i?]Hl2, UO = 0} = [ipu, U = Ur + Ulipi{Z) + U2ip2{Z), Ur £ RH^iR%), Uj £ C} . 

Then Aq is unitarily equivalent to RAq where Aq is given by (|II.39|) . Since the essential spec- 
trum of the Laplacien considered as an operator on RH'^{M.^) endowed with its natural domain 
RH'^iM.^) is [0,oo[, and (Aq + — (Aq + is finite rank, we conclude by the Weyl theorem 
that (Tess(Aa) = [0,oo[. 

Now given A > 0, the solutions of P21P = X'^tp are given by ip{z) = A^/zJ2{Xz) + By/zY2{\z). 
Since il}{z) ^ [^cos(2: — f ) + -Bsin(z — ^)], does not belong to f)o when (A, i?) 7^ (0,0). 

We conclude that the eigenvalues of P2 are non positive. On the other hand, the solutions of 
P2V' = — A^V' are given by '4'{z) = A^/zl2{Xz) + By/zK2{\z). Since hiz) ~ ^^^^ as 2; — >■ 00, and 
taking account of (|II.29|) . the eigenfunction in \]q is 

i;{z) = ^K2{\z) = \'^ziG{\^z^) \og{Xz)+\^ziF{\^z^)-{^ log A J zi-^zi logz-^z^+^z'- 



2 . 



Then v-i = log A, vo = — vi = ^, V2 = satisfy V-i + aovo + aivi + a2V2 = iff A^ is a 
stricly positive solution of piI.16p . To determine the number of these roots, we study the fonction 
h{x) := logx + 2ao + — When 02 < 0, or when a2 = and ai > 0, h is decreasing 

from +00 to inf /i = 2 I ao H ?\ + i log(ai + -i/a? — 4a2) + log2 ] when 



X g]0, 4(ai + \Ja\ — 4a2)], and from inf /i to +00 for x G [4(ai + yaf — Aa2),oo[. We deduce 
that there exists 0, 1 or 2 roots according to inf /i > 0, inf /i = 0, inf /i < 0. Then ()III.17p and 
(jlll.lSP follow from (|lL56]) and (|lL59|) . Finally when < 4a2 < af and < ai , /i is increasing from 



-00 to 2 ao H %= - -, + I log(ai - \ a] - 4a2) + log2 when x elO, 4(ai 

* ai--y/Qj-4a2 (ai--y/aj-4a2)^ z ^ y ' 



a\ — 4Q2)], decreasing for x G]4(ai — i/af — 4a2)5 4(ai + \/ of + 4a2)], and increasing to +00 for 



X > 4(ai + \J a\ + 4Q2). We conclude that in this case there exists 1, 2 or 3 strictly negative 
eigenvalues. 

Q.E.D. 

Now we consider the Cauchy problem pil.ip . We look for the weak solutions with the Anstatz 

(111.22) ij{t,z) =Mt,z)+voit)xiz)zhogz + vi{t)xiz)z^ +(l)2it)z~^, 

VI, 4>2 G C2(M), Mt.z)+Mt)x{z)zi log z G C2(Mt;hi)nCi(Rt;h2), G C°(R), Vr G C°(Mt;h3), 
and we want to construct the strong solutions that satisfy 

Mt,z) = il>R{t,z)+v^i{t)x{z)zl, t;_iGCO(M), ^ r £ C\Rt\^^) , 
and the boundary condition 

v^i{t) + aoVo{t) + aivi{t) + a2Mt) = 0, teR. 
We can state the main result of this part : 

Theorem III. 3. Let a = (oq, cti, 02) be in satisfying the constraints ill. 56\) and ill. 57]) . Then 
for all m > and any f £ t)i, g £ t)o, the Cauchy problem UII. l\l has a unique solution 

(111.23) G C° (Mt; f)i) n (Mt; {,o) n (M^; n V (M^; t),) , 
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and if f,g G C^(]0,oo[), {f,g) / (0,0), then V2 ^ hence ip a is not the Friedrichs solution and 
ipa 7^ if a ^ a' . Moreover there exists C,K > independent of m > such that 

(111.24) \\dMt)K + UUt)K+mUUt)K <ci\\gK + \\fK+m\\f\Ue(^-"^'Mt\^ 

and for all 9 G Co°(Mt) we have : 

(111.25) II J e{t)Mt)dth,<Ci\\9h, + \\f\W,+m\\f\U J (| e(t) | + | G"(t) |) e(^-"')+l*ldt. 

There exists a conserved energy, i.e. a non trivial, continuous quadratic form defined on 
f}i © f)o, that satisfies : 

(111.26) VtGM, £:a(^a(i),5tV'a(i)) =^a(/,5)• 
^/l^S energy is not positive definite in general but £a is equivalent to ||/||^^ + Ibll^j, on Cq^{]0, oo[) © 
C^{]0, cx)[) and given for f,ge Co~(]0, oo[) by 

£M, g) =\\PiP2f\\l2 - (m + /i2)||P2/|li2 + Mi/^2||Pi/|li2 

(111.27) + {\\P2f\\l2 - (m + /^2)||Pi/|li2 + m/«2||/|li2) 

+ Il^25lli2 - (^il + M2)||-Pl5'lli2 + ^1^2115-1112 

for some < < 0. When a satisfies UII. 1 7\) or /(III.18\) . £a is positive on {)i © f)o. 

The propagation is causal, i.e. 

(111.28) suppiMt, ■))c{z; I z |<| t 1} + [suppif) U supp{g)] . 
When / € Dq, 5 € {)i then ipa satisfies : 

(111.29) G (Kt; fa) n (Mt; fii) n (m^; (,o) , 

(111.30) 119,^^.(011^, + ||V^„(t)|k. +m||V'„(t)||,, <C{\\g%, + ||/||,^ + rn||/||, J e(")+l*l . 

Proof of Theorem \IV.1\ We consider /ii,//2 < 0, / /U2 and A G that are associated with 
a by the Theorem III.3I We introduce u\{t,Z) :=| Z \ 2 tpad Z \). Then Lemma [IILII assures that 
ux G C™(Mt;EIfe) iff G C"(Mt;f)fc) and itA G P'(Mt;D(gA) iff V'a G P'(Mt; t)«). Moreover since 
Aq, is unitarily equivalent to RAx, we can see that ipa is the wanted solution iff ux is the solution of 
pi.OP and pi.iop with the corresponding initial data. Therefore Theorem III.ll gives the existence, 
the uniqueness, the estimates of the solution of the Cauchy problem pil.ip . and the finite velocity 
result pil.281) . Moreover when f,g e C^(]0,oo[), {f,g) / (0,0), ip a is not a Friedrichs solution 
since the dynamics for ux is not trivial according Theorem III.ll and Theorem III. 31 implies that 
different a yield to different solutions. Finally the energy is given for the strong solutions by 

(111. 31) £a{lpa,dt1pa) ■= {Aalpa^lpa) q + Vl? \\i>a\\l + llc^tV^allo = ^^"^ ^xi'^X^ dtUx) , 

where the norm ||.||o is defined by (IIII.20p . and this energy is positive when a satisfies piI.17p 
or (jlll.isp since the spectrum of Aq is [0,oo[ in this case by the Proposition IIII.21 At last, the 
expression pil.27p is obtained by a direct computation by using the facts that PI Pi = P2 and for 
Ux G C^(M6 \ {0}) we have : 

\W\fH2 = vr^ {{P2 - l^l)lpa] {P2 - /^2)V'q)l2(0,oo) ' 
||Vz^Xa||^2 = TT^ (Pl(P2 - m)V'a; Pl{P2 - M2)V'a)L2(o,oo) • 

Q.E.D. 
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We end this part by some remarks. Firstly, we note that when a satisfies piI.17p or pil.isp . the 
operator Aq, is a positive self-adjoint operator in (f)Oi IMIo)- Then, in this case, the solution is just 
given by the spectral functional calculus : 



. ^ sin U\/Aq + m'^ 

tpait,-) = cos [tVA.a + m'^j /H p= 



9: 



+ 

and we can solve the Cauchy problem in the scale of the Hilbert spaces associated with the powers of 
Aq,. More precisely, when m > or when a satisfies (IIII.17j) . the Cauchy problem is well-posed for 



Dom ( (Aa + 



s + l 
2 



, 9 e 



Dom { (Afy + m 



2^ 



where [Dom{B)] denotes the completion 



of Dom{B) for the norm ||-B.||o- Secondly, when a satisfies pil.isp . the kernel of Aq is Cz 2 
and the time-periodic solutions e^*'"*z~2 belong to (M^; Oq,). We can express V'a in term of the 

3 

graviton part supported by 2 : 

(111.32) ^o.{t,z)=xl^l{t)z-l +ilj^{t,z), (V'^(t,.);z-|)^ = 0, 

where the amplitude of the graviton is given by 

n / N ,, 3 ,, 9 / , , „ 3 sin(mt) 3 \ 

(111.33) = llo (^cos(mt) <f;z—2 >o < ff; ^"^ >o j , 

and we have to replace '^"^^^^ by t when m = 0. Finally, if we could establish the absence of 
singular continuous spectrum of Aq, then (t, .) would tend weakly to zero as | i |— ^ cxd, hence its 

3 

component on 2;~2 would become negligible for large time. An interesting consequence would be 

(111.34) 02 (t) - ^ 0, I t K 00, 

i.e. the more singular part in the expansion (jIII.22[) would be asymptotically given by the graviton. 

IV. New dynamics in AdS^ 

In this section we construct new unitary dynamics for the gravitational waves in the Anti-de 
Sitter universe. We consider the Cauchy problem 

(IV.l) {dl - Ax - 52 + = 0, t G M, X G z g]0, oo[, 

(IV.2) $(0,x,z) = $o(x,z), 9t$(0,x,z) =$i(x,z). 

We look for the solutions that have an expansion of the following form 
(IV.3) 

5 5 5 1 3 

$(t,x,2:) = ^>r(t,x, 2)2:2 + (j)_i{t,^)x{z)z2 + (l)Q{t,ii.)x{z)z2 log z + (t)i{t,^)x{z)z2 +(j)2it,x)z~2 
where x £ C'q°(IR), xiz) = 1 in a neighborhood of and 

(IV.4) $^(t,x,0)=0. 

_ 3 

The term 4>2{t, xjz 2 is the part of the wave in the sector of the massless graviton. The behaviour 
of the field on the boundary of the universe is assumed to be for some {ao, 01,02) G : 

(IV.5) (/)_i(f,x) +ao0o(i,x) +ai0i(i,x) +a202(i,x) = 0, i G M, x G 

We introduce the following Hilbert spaces endowed with the natural norms (f)o being provided with 
the norm ()III.20p i : 

(IV.6) . ^ ^ 13 , 

= [<^>{x,z)=M^,z) + M^)xiz)z2 +M^)z—2, cPr G L\Rl;h^), cP^ G L\rI)\ , 
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(IV.7) 

r 5 13 

= |$(X,Z) = 0r(x,2:) + (l)o{^)xiz)z2 log Z + (l)l{yL)xiz)z2 +(/)2(x)z"2, 

(IV.8) iD2:={$eL'(Mi;f^2); Vx^GiOl}. 

In particular, $ G iff 

(IV.9) ^>(x, = ^>r(x, Z)z'^ + </)_i(x)x(^)-2;^ + (po{-X.)xiz)z^ log Z + (/)l(x)x(2)z5 + (/)2(x)z~2 

with 

r e L2(M3), g G ^'(Mp, $.(x,z)zt G L2(R3;h4), 

(IV.IO) J Vx($.(x,z)zt +0„i(x)x(2)zt) G L2(]g3.h3)^ 

[ V2($^(x,z)zt (x)x(z)^5 +0o(x)x(2)^5 log z) GL2(R3;h2). 

For convenience and to make more clear the role of the massless graviton, we have omitted the 

3 

cut-off function x{z) in front of (/)2(x)z~2. It is clear that this minor change does not affect the 
definition of the spaces since (1 - x(^))02(x)2~2 belongs to H"'(M.l;h'^) when (j)2 G ^"'(M^). 
To take account the constraint (|IV.5p . we introduce the subspace : 

(IV.ll) D«:={«>Gi02; 0-i(x) + ao0o(x)+ai0i(x)+a2-/'2(x) = 0}. 

The main result of this paper is the following : 

Theorem IV. 1. Let a = (ao, 01,02) be m satisfying the constraints UI. 56]) and /iII.5T\} . Then 
for any G S)i, £ S^q, the Cauchy problem /(IV. UV. g|) has a unique solution 

(IV.12) G CO {Rt\ ^i)nC^ (Mt ; i^o) n (Rf, S)-i) n V (Rt; ^a) ■ 

Moreover there exists C,k > independent of such that : 

(IV.13) \\dt^a{t)\W + \\^a{t)W < C m^^, + llcDoll^ J e'^l*!, 

and for all G G Co°(Mt) we have : 

(IV.14) II / Qm<.{t)dtu, < cm^u, + i|ci>oiiy,j / (I m \ + 1 e"(t) d e^\'^\dt. 



When <I>o,^i G Co°(RxX]0, oo[j;), ($o,<J*i) / (0,0), then (/>2 / hence <I>q, is not the Friedrichs 
solution, moreover 7^ ^a' if ct 7^ a'. 

There exists a conserved energy, i.e. a non trivial, continuous quadratic form Eq, defined on 
■^1 ©-^0; that satisfies : 

(IV.15) yt£R, E«($«(t),9t$„(t)) =f«(^>o,$i). 

This energy is not positive definite in general butKa is equivalent to H^oll^i + ll^ill^o on Cq^{R'^x]0, 00 
C^(M^x]0,oo[^) and given for 0,^1 G C^(M3 x]0, oo[J by 

Ea{^0,<^l) =||PiP2^0|li2 - (/il +^2)||P2^0||i2 +m/"2||A^0|li2 
(IV.16) + ||VxP2«'0|li2 - + ^2)||VxPl^'o|li2 + m/^2||Vx^'o|li2 

+ ||P2^l|li2 - (;Ui + ^2)||-Pl^l|li2 +Ail^2||^l|li2 

for some fii < IJ.2 < 0. When a satisfies i f///. 1 7)j or UII.l^] . is positive on S^i ©i^o- 
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When <I>o G Da, i/^en satisfies : 

(IV.17) G C70(Mt;D,)nCHMt;i3i)nC2(Mj;i3o), 

(IV.18) + \\^a{t)U, <CmiU, + ||<^o||f,Je^l*l. 

There exists M > stic/i t/iai if^j{l^,z) = /or a// | ^ |< M, then we can take k = in the 
estimates IIIV.L'^) . jlV-UD and ilV.l^) and E„($o, ^i) > 0. 

When the equation 

IV.19 logx + 2ao + — ^ = 0, 

X X'^ 

has a solution X = m? , m> 0, then cl}[m]it,^)z^ K2{mz) where G C°(]Rt; iJ^(Mx))nC^(Rt; i?^(Mx)) 
is a solution of d^cp^m] ~ ^x</'[m] ~ ^'^4'[m] = 0) ^'-^ 0, solution that satisfies IIIV.17\) . 

When a satisfies IIIII.18\) . the massless graviton ^cit^^^ z) := 0[o](t,x)z~2 where 4>[q] G C'^(Mt;//^ 
is solution of d^cp^Q^ — Ax</>[o] = 0, is a solution of UV. 1\) that satisfies UV.11/\) . and its energy is 
given by 

(IV.20) Ka{<^G,dt^G) = \\z-h\l f |Vt,x0[o](t,x)pdx. 

Proof of Theorem \IV.1[ We shall use the partial Fourier transform with respect to x that is 
denoted Jx- Let be a solution of (fIVl]) . (jEl), dlVlTl) . Given T > 0, $„ G - T, T[; i^i) C 
L2(R3 -r,r[;f,i)). Then Jx^-a G L2(M|; i/iQ - T, r[; f,i)) C ^2(^3; cO([-r, T]; We 
have also dt^a G F^Q -T,r[;i3o) C L^{RI;H\] - T,T[;i,o))- Then 5tJx$a G L2(M|;F1(] - 
r,T[;[)o)) C L2(M|;CO([-r,r];{)o)). Moreover G L^Q - T, r[; C L^{Ri; L^{] - T,T[;da)). 
Then Jx^a G L2(M|; - T, r[; t),)). 

We deduce that for almost all ^ G M^, J-'x^*a(i,4, 2^) is the unique solution tp^, satisfying (|III.23p . 
of (IIILTI) with 

(IV.21) m=|||, f{z)=J^^<^o{tz), g{z)=J^^<Pi{tz). 

Hence we conclude that 

(IV.22) $„(t,x,z) =7-^-1 (Mt^^)) 

and we get the uniqueness of the solution. 

More generally, when is a solution of (iRTTj) . (ITO) . (IIV.12p . we take 6 G C^(K) such that 
< 6*, / 9{t)dt = 1, and we consider $Q,^„(t,x, z) = nj 9{nt — ns)^ais,^, z)ds. We can easily prove 
that ^a,n tends to <^>a in C° (Mt; i^i) n {Rt] S^o) n (R^; n (Mi; D„) as n ^ cx), and $a,n 
is a solution of pV.ip . pV.lTp . The previous result shows that 

^a,n{^,^,z) =7"^"^ {^^^ri{t,z)) (x), 

where ip^^n is sol ution of pil.ip with m =| ^ |, f{z) = Jx$a,n(0,^, 2;), ^(z) = -7^xC^t^a,n(0,|, z) 
satisfying ()III.23p . Since $a^„(0, x, 2:) and (?t<l>ci,n(0, x, z) tend respectively to $0 and $1 in iji and 
ijo, then Jx^a,n(0, ^, 2;) and J-'x5t<l>o,n(0,^, 2;) tend respectively to Jx*l'o(Ci-2) and J^x^'i(^;2:) in 
L2(M|;f)i) and 'l^{R^;1)o). We deduce by (IIII.24I) that V'^,^ tends in L2(IR|; ^^([-r, T]; to the 
solution of (IIILT|) . (IIII.24P with the data (IIII.24I1 . We conclude that (IIV.22I1 is true again and 
the proof of the uniqueness is complete. 

To establish the existence of the solution, it is sufficient to solve the Cauchy problem and to get 
estimates PV.ISP , PV.ISP , PV.ISP for a dense subspace of initial data. Hence we consider the case 
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where there exists R > such that -Fx*^j(C) z) = for any | ^ |> i?. Then we get by the Lebesgue 
theorems, the Parseval equahty and Theorem IIV.H that 



2Tr)2 J\£\<R 



(27r)2 Jm<R 

is the wanted solution, moreover estimates pV.lSp . pV.14p . PV.ISP directly follow from the inte- 
gration of (IIII.24p . (IIII.25I1 . (IIII.30I1 with respect to t and we can take «; = when z) = for 
aU I ^ |< M where M = ^/K. 

If 02 = for ^Q, <I>i G Cq"(M^x]0, oo[2), then we have J-'x02 and ip^{t, z) is a Friedrichs solution. 
The Theorem lIV.ll implies that $o = 'J'l = 0. Now if = ^a', then Jx'^'q = ^x^a' and this 
theorem assures that a = a' . 

The properties of the energy are obtained by the same way from (|III.26P and pil.27p with the 
Parseval equality and the formula 



We also have with ()III.3ip : 

that proves ()IV.20p . Finally, since the proposition lIII.2] assures that for m > 0, ipmiz) ■= z^ K2{mz), 
and for m = V'o(-s) '■= z~2, satisfy {P2 + m'^)ipjri = 0, and belong to da when x = m? > is 
solution of (jlV.lOp . or a satisfies pil.isp for m = 0. We conclude that $a(i, x, z) = (t, x)V'm(-z) 
are solutions of pV.ip satisfying pV.lTp . 

Q.E.D. 

We achieve this paper by some comments. If we expand the strong solution as 

5 13 

^a(i,X,z) = 0,.(t,X,2;) + 0o(t,x)x(^)22 \ogZ + (I)i{t,yi)x{z)z2 + (/)2(t,x)z"2 

then we can see with pV.9P and pV.lOP that the equation pV.ip is equivalent to a system of 
coupled PDEs (we denote □ := — Ax) : 

U(t)2 + Hi = 0, 
□(^1 - Ho = 0, 

[4>r + X{z)z^ log(z)(^o) 

= -4x(2)2^o + {x"{z)z^' + X{z)z~^ + 4(1 - x{z))z-^^ (/>!, 
supplemented by the boundary contraint at the time-like horizon : 

lim z^2 0,^(t, X, z) + aocpoitjx) + ai0i(t,x) + a2(j)2{t,x) = 0. 

We note that </>2 is not a free wave in the Minkowski space-time (see below for a link with the 
massless graviton), and := (/>r + x{z)z2 log(2;)0o is a Friedrichs solution of the inhomogeneous 
wave equation of the gravitational fluctuations, i.e. satisfies p.3p . 

A particularly significant family of constraints on the boundary of the Anti-de Sitter universe is 
given by the condition pil.isp that corresponds to 

(p-i{t,x) + ao(poit,x) + ai(pi{t,x) = 

with 

13 1, 11 

< ai, -- - -log2 < ao + 2 log"i < 4 - 2 ~ ^' 
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In this case the energy is positive and ^/E^J^^Q^^l) is a norm on i^i x S^q. Hence we can consider 
the Hilbert space x Sjq defined as the completion of this space for this norm. We remark that 
Sji ^ since 

m^)z~^\l = \\z-i\\i [ ivx0(x)|2dx, m^)z-l\\l^ = m^)z-l\\l + \\z-^l^ \4>{^)\'d^. 

Then the Cauchy problem is well posed in x Sjq and the solution is given by a unitary group. 
Finally ()III.32p . ()III.33P and ()IV.22p allow to split the solution into a massless graviton ^md 
an orthogonal part solutions of (jIV.l|l satisfying : 

'^a = + <^Git,x,z) = </)[o](t,x)z-t, 

where 

dU[o]-^^(t>lo] =0, 0[o](O,x) = ||z-i||o^($o(x,.);z-|)^, 5t(/>[o](0,x) = ||z~i||o^ (^i(x, 
and for all t € M and almost x G R^, 

(«>^(i,x,.);z-t)^ = 0. 
In the spirit of ()III.34p . we conjecture that 

lim \\Vt,x(t>[o]{t, •) - ^t,^(t}2{t, ^Wl^irD = 0, 

that is to say, the more singular part of the gravitational wave is asymptotically given by the 
massless graviton. Last but not least, we let open the deep question on the "true" constraint on 
the boundary on the Anti-de Sitter universe, among the large family of the boundary conditions 
that we have introduced in this work. 
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